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Realization of Tunable Topological Index-Near-Zero Modes

in Chern Photonic Crystals

Jie Xu,* Yamei Luo, Mengting Yang, Yun Shen, Yun You,* Kosmas L. Tsakmakidis,*

and Qian Shen*

The index-near-zero (INZ) mode exhibits novel spatial phase invariance
characteristics. Recent research has focused on exploring INZ-related
phenomena using metamaterials, metasurfaces, and photonic crystal (PhC)
structures. However, most currently proposed INZ modes lack flexible control
and are challenging to implement. Additionally, INZ modes near the Dirac
point in PhCs typically operate only at specific frequencies. In this study, Chern
PhCs composed of simple magneto-optical materials are utilized to regulate
topologically unidirectional INZ electromagnetic modes by adjusting the air
thickness and varying the magnitude of an external magnetic field. Due to the
unidirectional robustness and near-zero phase shift characteristics of the INZ
mode, three application scenarios are proposed: a phase inverter, a perfect
50/50 splitter, and high-performance broadband sensors. This work provides
a new platform and approach for optical communication and computing.

1. Introduction

In classical physics, reciprocity has always been an intu-
itive and fundamental property. For example, according to the
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principle of reversibility of light paths,
changing the position of a light source al-
lows light to travel back and forth along
the same path. However, it wasn’t un-
til 1980, when K. v. Klitzing et.al. dis-
covered the existence of topologically pro-
tected chiral edge states in the integer
quantum Hall effect,!] that the important
property of non-reciprocity gained signifi-
cant attention. Non-reciprocity, where light
or electromagnetic (EM) waves exhibit dif-
ferent transmission characteristics in op-
posite directions, is undoubtedly a cru-
cial feature. This property can be exploited
to realize slow light[??] electromagnetic
trapping,**! and various optical devices,
such as all-optical computing.[*®! Similar
to the topological states of electrons in the
quantum Hall effect, in 2008, Z. Wang et al., demonstrated the
realization of topologically protected chiral edge states in the mi-
crowave regime by constructing photonic crystals (PhCs) with
ferromagnetic materials,’® and successfully build such a device
one year later.['% Since then, the so-called ‘topological photon-
ics/insulator’ emerges as a new branch of optics.

Chern insulator/PhCs is one of the most important kinds of
topological PhCs, and it is characterized by broken time-reversal
symmetry and Chern number.''12] From a physical perspective,
the number and propagation direction of the edge states in Chern
PhCs are related to the Chern number—which is known as the
bulk-edge correspondence.l>1*l Utilizing magnetized gyromag-
netic materials such as yttrium iron garnet (YIG) is not only a
simple but also is an efficient way to build Chern PhCs in mi-
crowave regime. In the last decades, amount of 2D were the-
oretically proposed and experimentally designed. Besides, frac-
tional Chern insulator,>1%! valley Chern PhCs,!'7-'*) and acous-
tic Chern PhCs>”) were also widely studied in rencent years. In
2022, G. Liu et al. successfully designed and achieved the first
3D Chern PhC in experiment, 2!l which showcases a promissing
route to light/wave manipulation and optical communication.

Artificial metamaterials provide an alternative means to con-
trol EM waves.[?25] Negative and near-zero refractive index
(n = /en) metamaterials enable key functions such as perfect
lenses(2°?7] and significant field enhancement.[?®) Specifically, an
index-near-zero (INZ) metamaterial acts as a ‘spatio-temporal
tunnel’ for waves, allowing them to pass through without phase
shift, making the output wave theoretically identical to the in-
put. Owing to their ability to enhance optical nonlinearities,
INZ modes and metamaterials have attracted growing interest in
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Figure 1. Band diagrams of YIG-based photonic crystals (PhCs). a) Trivial bands of PhCs composed of unmagnetized YIG and b) non-trivial bands of
PhCs composed of magnetized YIG (highlighted by orange circles). The cyan and yellow shaded regions represent the topological one-way bands. The
variable d denotes the thickness of the air layer covering the structure. For magnetized YIG, the parameters are By = 1500 G and f, = 4 GHz, inducing
Hq ~ 13.764 and p, ~ 12.156. Note that the permittivity of YIG is set to be 15 in this paper. The radius is r = 0.11a, where a is the lattice constant of the

PhC, as shown in the inset of (a).

nonlinear optics.[?>3% Recently, Bi et al. reported a markedly en-
hanced nonlinear response using quasi-bound states in the con-
tinuum with near-zero index.*! Such metamaterials can also be
realized using PhCs. For instance, PhCs with Dirac-cone bands
can support equivalent INZ modes near the Dirac point.[3234
Unlike the traditional epsilon-near-zero (ENZ, with € ~ 0) mode,
the INZ mode in these PhCs retains an invariant spatial phase
(k = 0) but with a finite group velocity (v, # 0).°>*°! However,
the INZ mode in current PhCs is limited by discontinuous work-
ing frequencies, rigid manufacturing processes, and limited tun-
ability due to the required energy band structures.’’] In this
work, we employ magnetized YIG to design a simple 2D Chern
PhC. By tuning the parameters, nontrivial PhC bandgaps with
nonzero gap Chern number (C,)!**! can be achieved. According
to the bulk-edge correspondence, a waveguide constructed by
coupling this PhC with air and metal (PEC) can support topo-
logical one-way edge modes. The thickness of the air layer and
the external magnetic field (EMF) can be adjusted to control
these modes. Frequency-domain and time-domain simulations
will demonstrate that the broadband and tunable INZ modes
are robust against sharp corners, obstacles, and material losses.
Based on the tunable topological INZ modes, we propose three
optical devices: a phase inverter, a 50/50 splitter, and two broad-
band topological sensors. The proposed INZ modes in Chern
PhCs extend existing INZ systems and are applicable in optical
communication.

2. Results

2.1. Truly INZ Modes in Photonic Crystals

Initially, we consider a 2D PhC, as depicted in the inset of
Figure 1a. The PhC consists of YIG rods (indicated by orange cir-
cles) surrounded by air (gray regions). As shown in Figure 1la,
no topological band exists when the YIG rods are unmagne-
tized (u, = p,), and all bulk bands are trivial, which is expected
since time-reversal symmetry remains unbroken. Conversely, ap-
plying a uniform EMF (B,) induces magnetization in the YIG
rods through the magneto-optical effect, thereby breaking time-
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reversal symmetry. Here, we apply an EMF in the -z direction
with B, = 1500 G to the structure, and the relative permeability
tensor of the YIG rods is expressed as follows:

My —ip, 0
a=\ig, w0 1)
0 0 1

where y, # 0 and the off-diagonal ratio is also nonzero, inducing
the nonreciprocal propagation of a TE wave. It is effective to de-
termine whether a topological bandgap has been engineered by
plotting the PhC band diagram and calculating the Chern num-
bers of each band for specific values of y; and p,.”) In Figure 1b,
we set the frequency (f;) in YIG to 4 GHz, with u, ~ 13.764 and
H, =~ 12.156. As a result, Figure 1b shows that the connections
between the second and third, and third and fourth bulk bands
are untied at the ‘M’ and ‘T” points, respectively. Two bandgaps
(gap-1 and gap-2) are clearly formed upon the application of the
EMF. Specifically, gap-1 and gap-2 correspond to the frequency
ranges 0.527 ¢/a < f< 0.576 ¢/a and 0.611 ¢/a < f < 0.647 c/a, re-
spectively. One-way modes may occur in these band gaps due to
T symmetry breaking, with the critical criterion for evaluation be-
ing the Chern number, defined as follows,*3°]

1 AT gam
G, = E/BZ dzk( aki T ok, )
Am’(k) = (Enk|vk|En’k>

(2)

for the nth band. In our proposed structure, the Chern number
of each band can be calculated*] by: 1) discretizing the Brillouin
zone (BZ), as shown in the inset of Figure 1a; 2) calculating the
eigenmodes for each [k,, k,] in the BZ (see the inset of Figure 1b)
using the finite-element method (FEM) in the COMSOL Multi-
physics software; and 3) determining the Berry connection and
Chern number using Equation (2). According to our calculations,
the gap Chern numbers (C,) of the two bandgaps are -1 (gap-
1) and +1 (gap-2), which implies the expectation of two oppo-
sitely propagating, topologically protected edge modes in gap-1
and gap-2 when an air layer is placed on the PhC, as shown in
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Figure 2. The relationship between the parameter d and the INZ mode frequency fi\z. a, b) Dispersion curves of the edge states for d = 0 (red and
black lines), d = 0.1a (blue line), d = 0.2a (brown line), d = 0.3a (yellow line), and d = 0.4a (purple line). The rightmost panel shows the electric field
distributions of the eigenmodes (indicated by the red and black crosses in panel (b)) for the PhC structure with d = 0 (i.e., without the cladding air layer),
evaluated at |k,| = 0.4z /a. In the YIG region, the material parameters are set as f=fy = 4 GHz, u, ~ 13.764, and pu, ~ 12.156. c) The complete bulk
band of the PhC with magnetized YIG. Note that the gray-shaded regions in (a) and (b) represent the corresponding projected bulk dispersion. (d) finz
as a function of d at fy = 4~GHz. Here, a = 0.0418~m, and all other parameters match those in Figure 1.

the right panel of Figure 1b. It is worth noting that, theoreti-
cally, it is essential to place another trivial PhC with overlapping
gap-1 and gap-2 on our designed structure to sustain topological
modes. However, in this paper, we set a simple PEC wall to termi-
nate the air layer, which has been widely proven to be an efficient
method for engineering a ‘pathway’ for topological edge modes.
This approach is also demonstrated to be suitable for tuning the
topological INZ modes discussed below.

For gap-1, we first calculated the dispersion curves for various d
values, the thickness of the cladding air. As shown in Figure 2a,b,
clear one-way propagation modes are observed, except for d =
0, where the symmetric bands (marked by red and black lines)
propagate on the top and bottom PEC walls, as seen in the right
panel of Figure 2b. Additionally, the dispersion curves of the edge
modes decrease in gap-1 as d increases, or equivalently, as the
PEC is shifted upward. As emphasized in Figure 2b, several INZ
modes with k = 0 emerge in gap-1 as d changes from 0 to 0.4a. A
more complex bulk band diagram in the BZ of the PhC is shown
in Figure 2, with gap-1 around f = 0.55c/a and gap-2 around f
= 0.63c/a. In our previous analysis, we assumed a constant fre-
quency of 4 GHz in YIG, which is technically correct for calcu-
lating or estimating the bandgap around f= f, = 4 GHz, but not
theoretically accurate. Theoretical calculation of the edge mode
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dispersion in gap-1 is also challenging. However, focusing only
on the INZ modes simplifies the analysis. As shown in Figure 2d,
we fix k = 0 [in contrast to the full range —z/a < k < z/a in
Figure 2a] and set a = 0.0418 m to compute the INZ eigenfre-
quencies as a function of d using COMSOL. The resulting INZ
frequency fi\, is plotted versus d, where the initial guess f, = 4
GHz ~0.558c¢/a. A similar decreasing trend was observed as d in-
creased from near zero to d = a. Notably, an INZ mode with fre-
quency f= fi, = fy = 4 GHz emerges at d =~ 0.185a; unlike other
modes along the fitting curve in Figure 2d, this mode qualifies
as a truly INZ mode, as its frequency exactly matches the preset
value f;, whereas other modes exhibit a nonzero wavenumber (k
# 0) due to deviations from f;. It is worth noting that the pro-
posed INZ modes in other works using techniques like effective
medium theory are theoretically feasible but remain technically
challenging. In contrast, the INZ modes in Chern PhCs proposed
here are more promising for practical use, as the value of d can
be easily optimized to excite and sustain the INZ modes.

By continuously varying the preset frequency f, and comput-
ing the corresponding eigenfrequencies at k = 0 for different val-
ues of d, additional truly INZ modes satisfying f\, = f, can be
identified. To accurately determine each INZ frequency, we apply
an iterative method: starting from f= f; = 4 GHz, we extract the
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Figure 3. Truly tunable and topologically protected one-way INZ modes in Chern PhCs. a) fi\z (solid line) and the imaginary part of the frequency
(Im(finz), dashed line) are plotted as functions of d at f = f;. A damping parameter v = 0.001 was used to study the loss effect on the INZ modes with
complex frequencies. b, c) Electric field distributions (b) along the air—PhC interface and (c) in the system from FEM simulations with v = 0.001. The
blue and red lines/regions correspond to d = 0.185a and d = 0.25a, respectively. The operating frequencies of the simulations in (c) are f=4 GHz (u,
~ 13.764 and pu, ~ 12.156), f=4.345 GHz (u; ~ —15.895 and p, ~ —17.478), and f = 3.91 GHz (u; =~ —9.9 and p, ~ —8.286) from top to bottom. The
middle panel of (c) presents a FEM simulation of INZ modes in gap-2. r=0.11a and a = 0.0418 m.

simulated eigenfrequency f;, then update the presetas f=f, = (4
+ f,)/2 GHz. This process is repeated until the input and output
frequencies converge. As shown in Figure 3a, the converged INZ
frequencies for various d values are marked by circles, and the red
curve represents a fit to the calculated data. Moreover, to evaluate
the effect of material loss on the INZ modes, a typical damping
parameter v = 0.001 for high-quality YIG[?'*1#2] is considered in
Figure 3a. Our simulations show that the real part of the INZ
frequency, Re(fiy,), remains nearly unchanged for all identified
INZ modes, while only a very small imaginary (Im(f;y,)) com-
ponent appears. These results indicate that the proposed INZ
modes in PhCs are robust against material damping. It is quite
clear that tunable and broadband INZ modes exist with 3.4GHz
< finz < 42GHz when d changes from near zero to 0.5a. The
Chern number associated with gap-1 is —1. According to the
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bulk—edge correspondence, this guarantees the existence of a
forward-propagating (v, > 0) edge state at the air—PhC interface.
Since edge states are topologically protected against backscat-
tering, the combination of cladding metal/PEC, PhC, and sur-
rounding air effectively forms a ‘one-way resonator’. Numerical
simulations further confirm that the field profiles of the eigen-
modes remain nearly unchanged across the Brillouin zone when
d takes specific values. As d increases, the eigenfrequencies—
including those of the INZ modes—redshift (e.g., fiy; de-
creases, as shown in Figure 3a), consistent with the behav-
ior of Fabry—Pérot (FP) resonators and dielectric waveguides.
This indicates that the INZ modes can be effectively tuned by
varying d.

Two cases, d = 0.185a and d = 0.25a, were chosen to ver-
ify this decreasing relationship, and as shown in Figure 3a, the
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Figure 4. Topological one-way INZ modes in 3D and their simulation in the time domain. Simulation results for a) 2D and b) 3D topological INZ modes.
c) Electric field distributions along the center of the air layer in lossless 2D and 3D FEM simulations, and in the 2D case with v = 0.001. The inset shows
the electric-field phase (¢) in the final part with the loss effect included. d) Simulation of one-way INZ modes in the time domain. f=f; =4 GHz (u; ~

13.764 and p, ~ 12.156), d = 0.185a, r = 0.11a, and a = 0.0418 m.

corresponding INZ frequencies are 4 and 3.91 GHz, respectively.
The simulation results are shown in Figure 3b,c. We emphasize
that in all FEM simulations, a line current source was employed
to excite the one-way edge modes, with PEC boundaries applied
on both sides. The electric field (E,) distribution is shown in the
top (f= 4 GHz) and bottom (f = 3.91 GHz) panels of Figure 3c.
It can be seen that the excited waves propagate unidirection-
ally along the air-PhC interface in both cases, with near-zero
phase shift during propagation. Clearer results are depicted in
Figure 3b, where the blue and red lines represent the E, distribu-
tion of the edge modes in the simulations (as shown in Figure 3c).
Similarly, E, exhibits no variation between different units. An-
other blue line and the middle panel in Figure 3c represent the
E, distribution of a higher-order INZ mode in gap-2 with d =
0.185a and fi\, = f, = 4.345 GHz, as predicted in previous analy-
ses and calculated using an iterative method. We emphasize that
our proposed dual-band INZ structure is highly important for
INZ mode-based optical communication and computing, and it
is significantly more efficient compared to other proposed INZ
systems and structures in both theory and engineering due to
its high tunability. We will discuss the higher-order INZ modes
in the text below. We also note that Figures 2 and 3 provide an
efficient method to engineer suitable edges/structures support-
ing truly INZ modes. First, a Chern PhC should be designed so
that the frequency f; resides within a non-trivial bandgap (C, #
0). Subsequently, the parameter d can be readily adjusted and
computed to determine the eigenfrequency of the INZ modes
using FEM.

One of the most important advantages of topological one-way
modes in Chern PhCs is their robustness to imperfections or
disorders in the system. As shown in Figure 4a, we designed
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a large rectangular hole (4a X 4a) in the passing channel route
for the one-way INZ modes. In the 2D condition, as shown in
Figure 4a, the INZ wave propagates unidirectionally toward the
rectangle and completely bypasses it with nearly no phase shift.
In Figure 4b, a 3D simulation was performed to further illustrate
the robustness of the INZ modes in PhCs for a more realistic
case. Similar to the 2D case, the wave was successfully excited and
propagated in only one direction, and the electric field remained
unchanged after propagating a length of L = 20a. Figure 4c shows
the electric field distribution of the INZ modes along the air-PhC
interface, and it can be seen that the wave remains almost un-
changed in the first and third regions (the excited and output re-
gions) in both 2D and 3D cases. The slight differences between
the 2D and 3D simulations near the end face can be attributed to
the coarser mesh resolution in the 3D simulation. This numerical
artifact becomes more pronounced with increasing propagation
distance, while the initial propagation region shows better agree-
ment between the 2D and 3D results, consistent with theoreti-
cal expectations. To eliminate the impact of loss on topological
one-way INZ modes, we set a damping parameter of v = 0.001
in the 2D case. As shown by the blue dashed line in Figure 4c,
the electric field gradually decreases during propagation. How-
ever, as shown in the inset of Figure 4c, the output electric-field
phase remains unchanged in the final region of the structure.
Therefore, it is important to note that our proposed truly topolog-
ical one-way INZ modes are also robust to material loss, further
enhancing the application of INZ modes in phase-based optical
devices.

The existence of truly INZ modes is also verified in the
time domain. As shown in Figure 4d, a line current source
(I = exp(i2zfyt)) was used to excite the INZ modes. The first two
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Figure 5. INZ modes in the higher-order one-way band. a) Dispersion curves of edge modes in gap-2 for d = 0 (black), d = 0.1a (yellow), d = 0.2a
(blue), d = 0.3a (red), and d = 0.4a (green), with fy = 4 GHz. b) Relationship between d and fi; in gap-2 as a = 0.0418 m. Horizontal lines indicate
the gap-2 band limits. c) Upper panel: Simulation results for one-way INZ modes in gap-2. Lower panel: Electric field distribution of the INZ modes
along the center of the air layer in the upper panel. Here, f=f, = fiyz = 0.63a = 4 GHz (green point in (b)), u; ~ 13.764, u, ~ 12.156, and d = 0.104a

(a=0.0472 m).

images demonstrate that a one-way EM wave was excited and,
consistent with the FEM simulations in the frequency domain,
it can bypass the large corner with no backscattering. Moreover,
the electric field appears the same along the air-PhC interfaces,
as seen in the first two regions. The third image further confirms
that the wave has near-zero wavenumber since the phase shift is
nearly zero (see the inset) after a At = 10 ns (=40T,, T, = 1/f,
= 0.25 ns) of propagation. Note that the nonuniform E, in the
third region is due to the limited time evolution and the time
step constraints of our computational resources. The frequency-
domain and time-domain simulations demonstrate the robust-
ness of topological one-way INZ modes at the edge of the pro-
posed Chern PhCs. These modes propagate with near-zero spa-
tial phase shift and are affected only by time-dependent oscilla-
tiOl’lS (q)out = cI)in x wt))

We have previously studied the topological INZ modes in the
gap-1 region of the PhC, demonstrating their robustness to large
corners and tunability via air layer thickness over a wide band.
We now discuss the higher-order topological INZ modes in the
gap-2 region. Figure 5a shows the dispersion diagram of the edge
modes in gap-2 for five different d, with fy =4 GHz and r=0.11a.
Since C, = +1 for gap-2, only one dispersion curve with a nega-
tive slope (i.e., backward propagating) appears in each case. As d
increases, the curves shift downward, indicating a decrease in
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finz- Assuming a = 0.0418 m, as in Figure 2, f\, (shown in
Figure 5b) is permanently larger than f; (=4 GHz) in gap-2, con-
strained between 0.6106¢/a and 0.6465c/a. In summary, these
‘INZ’ modes are not physical due to the inconsistency between f;
and fj\. A simple solution is to optimize parameter a to place f,
within the gap-2 region. For example, setting a = 0.0472 m places
fy (=0.63¢/a) near the center of the bandgap, with d = 0.104a
according to our calculations. The simulation result for the re-
vised PhC, shown in Figure 5c, reveals a backward propagating
INZ mode.

Similar to the INZ modes in gap-1, the INZ modes in gap-2 can
also be tuned by varying d. Furthermore, owing to the magneto-
optical effect of the YIG rods, our proposed truly INZ modes can
be readily controlled by adjusting the EMF (B,). Using FEM, we
calculated the eigen modes at k = 0 for a PhC with parameters
r=0.11a, d = 0.1044, and a = 0.0472 m, as shown in the solid
line in Figure 6a. For B, = 1500 G, we obtained f}, ~ 4 GHz,
consistent with the results presented in Figure 5. As the EMF in-
creases, fiy, exhibits a gradual increase within the range 1000 G
< B, < 2000 G. Notably, the rate of change in f, is more pro-
nounced in the region 1000 G < B, < 1500 G compared to B, >
1500 G, indicating that INZ modes are more sensitive to tuning
under relatively small EMF. The loss effect was also evaluated for
varying values of B,. Similar to the results in Figure 3a, the real
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Figure 6. Tunable topological one-way INZ modes in gap-2 by varying the external magnetic field (EMF). a) fiyz (solid line) and Im(fiyz) (dashed line)
as functions of the EMF. The damping parameter is set to v = 0.001 in the loss case. (b, c) Electric field distributions from FEM simulations at By = 2000
G and the corresponding frequency f= f = fiyz = 4.260 GHz (u; ~ 3.112 and u, ~ 1.607). Other parameters: a = 0.0472 m, r = 0.11a, and d = 0.104a.

part of the INZ frequency, Re(f}y), remains nearly unchanged,
while a small imaginary part, Im(f{y,), appears for all INZ modes.
See Figure 6a for details. To validate our calculations, we exam-
ined a case with B, = 2000 G using the same PhC configuration as
in Figure 5c. The electric field distributions along the air-PhC in-
terface (Figure 6b) and within the PhC (Figure 6¢) further corrob-
orate our theoretical predictions and calculations, demonstrating
that EMF can effectively modulate the INZ modes.

2.2. The Applications of Truly Topological INZ Modes

In the previous subsection, we thoroughly analyzed truly topo-
logical INZ modes in Chern PhCs with robust one-way propaga-
tion characteristics. We proposed two efficient methods to con-
trol these modes by optimizing the values of d and/or the EMF.
The next question is how to apply these modes. A straightforward
application of the truly INZ modes is the design of a simple opti-
cal phase inverter. The thickness of the air layer affects the edge
modes. As discussed in Figure 3, neither increasing nor decreas-
ing d results in a non-zero k, thus inducing a significant phase
shift or even phase inversion (e.g., 0 — +x). We designed a one-
way waveguide composed of PhCs and air layers with varying d,
as shown in the inset of the middle panel of Figure 7. In the first
and last sections, d = d, = 0.185a, while for the middle section,
L, =5aand d =d, (d, > d,)) were designed to control the output
phase. Four different values of d were chosen to study the phase
shift between the first input and third output sections. As shown
in the middle panel of Figure 7, the electric field along the air-
PhC interface in each cell remains nearly the same in the first
and last sections, while experiencing a significant phase shift in
the second, relatively thick section, since k # 0. The third panel
and inset of Figure 7 demonstrate that as d, increases from 0.21a
(blue line) to 0.24a (red line), |E,| decreases to 0 (¢ = 0) and
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then returns to the initial value (A¢ ~ z), with d; ~ 0.239a. The
first panel of Figure 7 shows the FEM simulation of the all-optical
phase inverter at f= f; = 4 GHz, where the electric-field intensity
in the middle cell of the second section is nearly zero, indicating a
complete phase inversion in this structure. Note that all the INZ
modes proposed here can also be inverted by designing similar
structures, with the thickness of the air layer easily adjustable.
Splitting light or EM waves is a key research topic in the field.
Our proposed PhC configuration supporting INZ modes can also
be used to design a splitter. Figure 8a shows the dispersion dia-
gram for odd (red line) and even (black line) modes in the PhC-
based unit depicted in the images below. The splitter unit con-
sists of two PhCs under inverse EMFs (B, = —B,)), with one layer
of air between them. The last two images in Figure 8a show the
symmetric and antisymmetric electric fields for the even and odd
modes, respectively. Figure 8b shows the schematic of our de-
signed optical splitter with four inputs/outputs. Based on the pre-
vious analysis, the one-way modes in gap-1 can be excited and
supported in ports 1 and 3, while the one-way modes in gap-
2 can be excited and supported in the remaining ports. Due to
the strict symmetry, the split waves at different outputs should
have nearly the same energy, and the output phases should ei-
ther be the same or inverted. As shown in the first two images
in Figure 8¢, at f = 4 GHz, the waves excited from the source
propagate unidirectionally and split into two channels. Our cal-
culations show that the splitting ratio is very close to 50/50. It
is also clear that the phases in the output channels are nearly
the same for the even modes (see the first image) and inverted
for the odd modes (see the second image). A similar conclusion
can be drawn for higher-frequency cases, such as f = f; = 4.35
GHz, as shown in the last two images in Figure 8c. We empha-
size that, as shown in the second and fourth images, the INZ
modes provide stable and reliable phase inputs for the two out-
puts, which is crucial for phase-based optical computing. Itis also

© 2025 Wiley-VCH GmbH
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Figure 7. All-optical phase inverter utilizing topological INZ modes. First two panels: Electric-field distribution in the joint PhC structure, where the
middle section has a thicker air layer with d; = 0.239a (first panel, |Ad| ~ z) or d; = 0.21a (blue line), 0.22a (yellow line), 0.23a (green line), 0.24a (red
line), while other sections have dy = 0.185a. L; = 5a, with other PhC parameters identical to those in Figure 4. The inset shows the schematic of the
all-optical phase inverter. The bottom panel shows the electric-field phase during the propagation of one-way modes.

noteworthy that the splitting ratio can be adjusted through mul-
tiple ways, such as modifying a portion of the EMFs. Based on
our calculations, when the EMFs in the top-left and bottom-right
regions are altered to 1400 G, the splitting ratio between the en-
ergy output from port-4 and that from port-2 is approximately
53/47.

The INZ modes studied above are robust to corners and
backscattering. However, the INZ wave may be affected when
it encounters imperfections or obstacles. In the ideal case, the
phase of the INZ modes remains unchanged during propagation;
however, in practice, the output phase may differ slightly from the
input phase. Based on this phase shift, a topological detector or
sensor can be designed. In this paper, we propose two types of
topological sensors based on INZ modes, as shown in Figure 9.
The schematic of the first type of sensor is shown in the inset
of Figure 9a. The main structure is the same as in Figure 3, ex-
cept that a rectangular (2d X d, where d is the thickness of the
air layer) obstacle is placed at the air-PhC interface. In the sim-
ulations, the permittivity of the obstacle (e4) changes from 27.65
to 35.6. As a result, the output phase gradually decreases from
+7 to — as e, increases. For example, the left panel of Figure 9a
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shows the electric field in the simulations for e; = 29 and ¢4 =
31, where a nearly reversed phase is observed around the output
port.

The inset of Figure 9b shows the configuration of the second
type of topological sensor. The input and output are traditional
slab waveguides filled with air. To support modes in the [3.8GHz,
4.1GHz] range, the thickness d, = 4 cm is chosen such that the
cutoff frequency f. ~ 3.75 GHz. An air-PhC unit with a square
(d x d) obstacle is inserted into the slab waveguides. Our calcula-
tions show that the transmission of this device is relatively high
over a broad band as e, changes from 36 to 48, with a red shift in
the transmission peak, as shown in Figure 9b. The sensitivity of
the sensor can be calculated using the formula S = A1/A+/e.[#]
Based on our simulations, we found that S ~ 7.864 x 10~*. Note
that this topological sensor facilitates back-scattering immune
use of light for sensing, which is crucial for high-performance
applications. The right images show that due to the differing cou-
pling effects between the input modes (in the first part) and the
edge mode (in the air-PhC unit), waves with different frequencies
exhibit significantly different transmissions. It is worth noting
that our proposed topological sensor has two advantages—high

© 2025 Wiley-VCH GmbH
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Figure 8. Perfect 50/50 splitters. a) Dispersion curves for odd (red line) and even (black line) modes in a PhC structure, which looks as if a square is
divided into four smaller squares by a cross in the middle. Parameters: r = 0.11a, a = 0.0418 m, and d = 0.37a (=2 X 0.1854). Lower panel: Schematic
of the splitter unit, along with the eigenmodes corresponding to the odd (indicated by red crosses) and even (indicated by red crosses) modes at f =
fo =4 GHz. b) Schematic of the cruciform structure with oppositely magnetized YIG rods (colored differently). c) Simulations conducted for both the
even and odd modes, which evidently reveal that they are evenly split into two channels at f= f; = 4 GHz (as shown in the left two panels) and f=f, =
4.35 GHz (as depicted in the right two panels). For the last two panels of ¢), u; & —15.895 and u, ~ —17.478, while for the rest, yu; ~ 13.764 and u, ~
12.156.

performance and broadband—due to the topologically protected ~ edge and the top of the air layer is varied from 0 to a. In most
working modes, compared to other proposed sensors, such as  cases, T shows only a slight decrease compared to the case of w
resonant-based sensors. Our proposed tunable topological INZ = 0 (no obstacle). Specifically, as shown in Figure 10c, the black
modes at microwave frequencies may also be realized in other  circles (FEM-calculated T) remain close to the horizontal refer-
frequency regimes, such as the acoustic or optical bands, pro-  ence line, indicating the ideal case. For a smaller obstacle (w =
vided that the time-reversal symmetry!*+*! and/or spatial inver- ~ 0.25a = 0.01045 m), variations in T are even more negligible for
sion symmetry!*#’] is broken in those systems. different dy, as indicated by the red circles in Figure 10c. Notably,
To further demonstrate the robustness of the proposed INZ  the INZ mode retains its one-way propagation and zero-phase-
modes in Chern PhCs, the effect of material damping (i.e., vfor  shift characteristics before and after encountering the obstacle,
YIG) is examined in Figure 10a. For small v, the INZ mode prop- ~ with only minor loss and phase shift observed near the obstacle
agates over long distances (e.g., L = 8a) with high transmittance,  (see inset of Figure 10c). Therefore, the proposed INZ modes are
such as T 0.855 (purple arrow in Figure 10a). As v increases, the ~ robust against typical material damping and structural disorder.
corresponding T decreases. For large v (e.g., v = 0.01), the INZ  High-quality YIG remains essential for optimal performance of
mode rapidly dissipates, as shown in the final panel of Figure 10a. ~ INZ modes and related systems.
This issue can be mitigated using advanced YIG fabrication tech-
niques, and v = 0.001 is typical for high-quality YIG.[*! To assess
the effect of structural disorder, a square silicon obstacle of side
length w = 0.5a = 0.0209 m was introduced into the INZ sys-  In this work, we propose the topologically protected one-way INZ
tem. Here, v = 0.001 is used. Figure 10b illustrates the schematic =~ modes with k = 0 in YIG-based PhCs in the microwave regime.
of this structure. The vertical distance between the obstacle’stop ~ We calculate the band structures and Chern numbers of the

3. Conclusion
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Figure 9. Two types of topological sensors. a) Phase angle of the output electric field as the permittivity of the obstacle changes from 27.65 to 35.6. The
right panels show the electric-field distribution in the sensor for e4 = 29 (upper panel) and e4 = 31 (lower panel). Parameters: f = f, = 3.85 GHz, u,
~ 8.43, i, ~ 6.81,a=0.0418 m, d = 0.285a, and r = 0.11a. b) Broadband topological sensing using one-way modes in PhCs. Four lines represent the
total transmission performance for e4 = 36, 40, 44, and 48, respectively. The right two panels show simulations for different working frequencies, 3.8
GHz (uy ~ 7.542 and p, ~ 5.919) and 4.015 GHz (4, =~ 14.774 and u, ~ 13.1669), with ¢4 = 48, a = 0.0418 m, and d = 0.285a. The insets show the

schematics of the two topological sensors.

bands by presetting the YIG frequency (f;) and obtain the spe-
cific structural parameters of the INZ modes through iterative
methods. Our calculations show that when an external magnetic
field (e.g., 1500 G) is applied to the PhC, two nontrivial bandgaps
appear, with inverse gap Chern numbers (C, = +1), implying the
existence of one-way modes with opposite propagation directions
in each band gap. Using iterative methods and FEM simulations,
we show that the one-way INZ modes are tunable within a broad
band by adjusting either the air thickness or the EMF, both of
which are easily achievable in practice. Additionally, we verify
these one-way INZ modes in 3D and time domains, demonstrat-
ing that the INZ modes in both nontrivial bandgaps are robust
to backscattering. Identifying the type of one-way INZ modes
in the Chern PhC is crucial, as different types lead to distinct
light—matter interactions and applications.[*®! Given their rela-
tively high coupling efficiency with a traditional air-filled parallel-
plate waveguide (not shown) and non-zero group velocity, the pro-
posed INZ modes can be regarded as EMNZ-like. In our opin-
ion, our proposed structures are one-way resonators, and such
EMNZ-like modes refer to the lowest-order resonance. Exploring

the in-depth physical origin of these INZ modes—though beyond
the focus of this work—remains of significant interest and could
be pursued using methods such as (boundary) effective medium
theory.[*”) A major challenge lies in the strong dispersion effects,
particularly when the INZ frequency deviates significantly from
the Dirac point.

Taking advantage of the robust one-way propagation and the-
oretical zero phase shift, INZ modes have potential for various
all-optical functionalities. In this work, we propose three INZ-
based applications: a phase inverter, a 50/50 splitter, and a topo-
logical sensor. For the phase inverter, we design a three-part struc-
ture with the air layer thickness in the middle section slightly
larger than in the other INZ sections. A phase shift occurs at the
head and tail of the middle section, enabling phase inversion for
certain thickness parameters. For the 50/50 splitter, we design a
cross structure consisting of two PhCs under a reversed EMF (B,
= —B,)) and one air layer. We theoretically study the dispersion re-
lation and identify an INZ mode in the odd-mode curves. Due to
symmetry, the input wave in the bandgap is perfectly and equally
divided into two channels (i.e., 50/50), with either the same or
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Figure 10. Verification of the robustness of one-way INZ modes. a) Transmittance of an INZ mode as a function of the damping parameter v. The lower
panels show the E, distributions for v = 0.001 (first) and v = 0.01 (second). b) Schematic of a Chern PhC with a square silicon obstacle (e, = 11.68) of
side length w. The distance between the upper edge of the silicon and that of the Chern PhC is defined as dy. c) Transmittance of the same INZ mode as
in (a), plotted as a function of dy. The black and red circles indicate different obstacle sizes. The horizontal dashed line marks the transmittance of the
INZ mode for w = 0 (no obstacle). The inset shows the phase oscillation along the x direction at the air—PhC interface for w = 0 (red), w = 0.5a and dy
=a (blue), and w = 0.5a and dy = 0 (green). v =0.001 in (c). Other parameters are identical to those in Figure 9a.
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parameter sweeps. Our findings suggest a new avenue for optical
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