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Abstract: Flexible energy storage and retrieval have long garnered significant attention as
key research directions in modern science and technology. In recent decades, the realiza-
tion of slow light/wave propagation and rainbow trapping/releasing using novel materials or
mechanisms—such as metamaterials and metasurfaces—has emerged as a major research focus.
However, existing slow-wave and rainbow-trapping structures—including those based on photonic
crystals—suffer from key limitations: (1) structural complexity, (2) limited tunability, and (3)
confinement to a single slow-wave band. Here, we propose, for what we believe is the first time,
a bidirectional rainbow trapping and releasing (RTR) mechanism supported by three distinct
and tunable slow-wave bands in magneto-optical heterostructures. By precisely tuning external
magnetic fields or material parameters, we achieve dynamic control over slow-wave peaks,
enabling tunable RTR band engineering. Furthermore, under a constant external magnetic field,
we design a tapered magneto-optical heterostructure that serves as a high-sensitivity sensor for
detecting the relative permittivity of dielectric media. The proposed tunable structure, featuring
three slow-wave peak dispersions for bidirectional rainbow manipulation, along with the dielectric
sensing platform, demonstrates strong potential for applications in physical/biological detection,
high-efficiency optical communication, and advanced energy storage.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Since ancient times, scientists have been intrigued by the control of light [1]. With technological
advancement, light manipulation has become increasingly precise. However, Einstein’s theory
of special relativity states that, regardless of technological progress, the speed of light or
electromagnetic (EM) waves can never reach zero in any system. This raises a fundamental
question: to what extent can light/EM waves be slowed down? In recent years, significant progress
has been made in slowing the propagation of light and EM waves [2,3]. In a Bose–Einstein
condensate (BEC), the speed of light has been reduced to 17 m/s at extremely low temperatures [4].
Electromagnetically induced transparency (EIT) is another widely used mechanism to slow light
[5–7]. However, BEC- or EIT-based slow waves are inherently limited by stringent experimental
conditions or narrow operating bandwidths [8]. For EM waves, it is well established that the
group velocity vg (= dω/dk) can be engineered to approach zero, thereby realizing slow-wave
propagation. Efficient approaches include the use of (1) left-handed metamaterials [9,10], (2)
resonators [11–13], and (3) (topological) photonic crystals (PhCs) [14–17]. Topological slow
light/wave has become a research hotspot in recent years due to its robustness against defects and
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backscattering. Moreover, the group index ng (= c(dk/dω)) [8] can be tuned from tens [18] to
even hundreds [19] by adjusting the parameters of PhC unit cells.

Slow waves are widely used in various fields such as nonlinear enhancement [20], optical
buffering, and sensing [21]. Rainbow trapping, where waves of different frequencies are trapped
at different locations, is another intriguing phenomenon enabled by slow waves [22,23], and
is particularly relevant for energy harvesting. Rainbow trapping and/or releasing (RTR) can
also be achieved in PhCs [24]. Metamaterials and metasurfaces have been among the major
research hotspots in the optics and photonics fields over the past decades. Novel phenomena
such as multi-band filters [25], multi-band EIT [26], high-efficiency wireless communication
[27–29], and near-field focusing [30] have been reported with the development of metamaterial
and metasurface technologies. It has also been reported that metasurfaces can be used to achieve
slow-wave propagation [31,32]. However, achieving tunable RTR in simple structures remains a
significant challenge. Magneto-optical (MO) heterostructures provide a promising platform to
achieve this goal. Similar to unidirectional edge states in topological PhCs, nonreciprocal surface
magnetoplasmons (SMPs) at the interface of MO heterostructures composed of gyromagnetic
materials such as yttrium iron garnet (YIG) also exhibit strong immunity to backscattering
[33,34]. Compared to PhCs or metamaterials/metasurfaces, the propagation characteristics
and dispersion relations can be readily tuned by adjusting the external magnetic field (EMF).
Recently, we have reported several types of slow-wave heterostructures, with [35] or without [36]
metamaterials, and demonstrated RTR in these structures. However, robust multi-band slow-wave
propagation over a relatively broad bandwidth—crucial for parallel optical communication and
computation—remains a challenge in both our prior works [35,36] and that of others, and is the
central focus of this study.

In this work, we design and propose a novel layered MO heterostructure composed of air and
YIG layers to achieve triple-band slow-wave propagation and RTR in the microwave regime. Note
that YIG is a widely used MO mateiral, and it is selected in this work due to its low magnetic
damping [37,38] and mature manufacturing process. Three slow-wave peaks with near-zero vg,
indicating extremely large ng, are identified in the dispersion diagram of the surface modes. The
theoretical relationship between the three slow-wave peaks and the EMF is investigated. Next,
we design a simple straight MO heterostructure with a linearly varying EMF, either increasing or
decreasing depending on the type of slow wave. Triple-band rainbow trapping is observed in
this structure using finite-element-method (FEM) simulations. Moreover, the peak frequencies
of the slow-wave modes are affected by both the air and YIG layer thicknesses. Therefore, by
adjusting the air layer thicknesses, the trapped EM waves can be easily released. To achieve
RTR under a uniform EMF, we further design a tapered MO heterostructure with a tapered YIG
layer. A promising application—dielectric sensing—is also demonstrated using a tapered MO
heterostructure with tapered air layers. The proposed tunable triple-band slow-wave and RTR
system offers a novel route for high-performance all-optical communication and sensing, among
other applications.

2. Triple-band slow waves in straight MO heterostructures

To achieve novel multiple-band effects, such as triple-band slow-wave propagation, the key is
to design tailored dispersion diagrams for different types of slow waves. Here, we propose a
five-layer configuration. As shown in Fig. 1(a), the structure consists of two metal layers acting
as perfect electric conductor (PEC) boundaries, two adjacent air layers, and a central layer of
magnetized YIG. Due to the applied external magnetic field, the air–YIG interfaces support
two oppositely propagating one-way SMPs induced by broken time-reversal symmetry. When
d1 = d2, i.e., the air layers have equal thickness, the dispersion curves of the one-way SMPs
connect at k = 0 due to symmetry, forming a single slow-wave peak. In addition, two total
internal reflection (TIR) slow-wave peaks can arise in the YIG layer and the region between the
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two metal boundaries if the structure is appropriately designed. To verify this conjecture, we first
analyze the dispersion relations of the SMPs and TIR modes in the structure. First, note that a
magnetized YIG (along the −z direction) has a tensorial relative permeability given below:

µ̄ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣
µ1 −iµ2 0

iµ2 µ1 0

0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, with µ1 = 1 +

ωm (ω0 − iνω)
(ω0 − iνω)2 − ω2

, µ2 =
ωmω

(ω0 − iνω)2 − ω2
(1)

The minus sign ’-’ of the off-diagonal element indicates and induces the nonreciprocal
propagation characteristics of the guiding modes in magnetized YIG-based systems. ωm and ω0
represent the characteristic circular frequency and the precession angular frequency, respectively
[39], and they are linearly related to the saturation magnetization of YIG and the EMF, respectively
[40]. Note that ν represents the loss factor, and it has a relatively small impact on the nonreciprocal
bands [41,42]. Thus, we ignore the loss effect in the theoretical analysis. For a SMP sustained at
the air–YIG interface, the SMP exhibits exponential damping in both the air and YIG layers, with
corresponding damping factors αr =

√︂
k2 − εrk2

0 (air) and α =
√︂

k2 − εmµvk2
0 (YIG). Considering

the PEC boundaries along the y-direction of the structure, the dispersion relation of the SMP
takes the following form:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(︁
α2 − A1A2

)︁
· tanh(α · d0) + (A1 − A2) · α = 0

A1 = µvαrX1 −
µ2
µ1

k, X1 =
1

tanh(αrd2)

A2 = µvαrX2 −
µ2
µ1

k, X2 = − 1
tanh(αrd1)

(2)

When d1 = d2, we obtain A1A2 =
(︂
µ2
µ1

k
)︂2

− µ2
vα

2
r X2

1 and A1 − A2 = 2µvαrX1. In this case, it is
easy to verify that Eq. (1) is symmetric with respect to k = 0. For TIR modes, the corresponding
dispersion relations can be directly derived from Eq. (2) by replacing the damping factors (α0 and
αr) with the oscillation factors pr = −iαr =

√︂
εrk2

0 − k2 and p = −iα =
√︂
εmµvk2

0 − k2. Moreover,
in the limit k → ±∞, we have α ≈ k and αr ≈ k. As a result, Eq. (2) reduces to µ1 + µ2 + 1 = 0,
yielding an asymptotic frequency (AF) of ωaf = ω0 + 0.5ωm for the SMPs.

Figure 1(b) shows the complete dispersion curves of the SMPs and TIR modes. Note that
deep-subwavelength-thick air and YIG layers, with d1 = d2 = d0 = 0.05λm (λm = 2πc/ωm),
are used to isolate clean first-order TIR modes and to engineer slow-wave peaks. As shown in
Fig. 1(b), three slow-wave peaks—SW-1, SW-2, and SW-3—are successfully engineered in the
structure. The red and green lines indicate the split dispersion branches of the SMPs, while the
blue lines represent the TIR modes in YIG. Note that a traditional one-way MO waveguide [43]
with a single air-YIG interface supports one-way SMPs due to broken time-reversal symmetry. In
contrast, our design features two distinct air-YIG interfaces. As shown by the red and green curves
in Fig. 1(b), this spatial symmetry (d1 = d2) leads to bidirectional modes with equal-magnitude
but oppositely directed wave vectors below SW-2. Due to the sufficiently small longitudinal
dimension of the structure, a clean first-order TIR dispersion curve with a slow-wave peak (SW-3)
is observed in this case. Moreover, a bandgap exists between SW-1 and SW-2, which emerges
only if the coupling between SMPs at the air–YIG interfaces is sufficiently strong, i.e., if d0 is
small enough. The dashed line shows a traditional one-way waveguide [43] consisting of a single
air–YIG interface, where the YIG layer has a finite thickness (d0 = d1 = 0.05λm in this case).

The dispersion relation for these one-way modes can be directly obtained from Eq. (2) by
taking the limit d2 → 0, which leads to A1 → ∞. Under this condition, Eq. (2) simplifies
to −A2 +

α
tanh(αd0)

= 0. Substituting A2 gives the final dispersion relation for one-way SMPs:
µvαr

tanh(αrd1)
+

µ2
µ1

k + α
tanh(αd0)

= 0. It is evident that SMPs can propagate unidirectionally within
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Fig. 1. Triple-band slow-wave dispersion in MO heterostructures. (a) Schematic of realizing
triple-band slow-wave in a layered heterostructure. (b) Dispersion curves of SMPs in our
structure (solid lines) and a typical one-way waveguide (dashed line) structure. The inset
shows the schematic of the one-way waveguide. The thicknesses of the air and YIG layers
are the same, 0.05λm, for both cases. (c) The dispersion curves of the SMPs for ωc = 0.4ωm,
while in (b), the value is 0.7ωm. Inset: Electric field distributions from FEM simulations for
(top) our proposed structure and (bottom) a reference one-way waveguide corresponding
to the black dashed line. (d) The peak frequencies ωpe (solid lines) of the three slow-wave
peaks, ωs (blue dashed line), and ωaf (red dashed line), are plotted as a function of the
external magnetic field (ωc). The other parameters are εr = 1 (air), d0 = d1 = d2 = 0.05λm.

the aforementioned bandgap in this structure. Similarly, when the YIG layer is infinitely thick
(d0 → +∞), the green and red lines in Fig. 1(b) merge [44], and under this condition, both the
bandgap between SW-1 and SW-2 and the slow-wave peaks disappear. As shown in Fig. 1(b),
the slow-wave peak frequencies (ωpe) of SW-1, SW-2, and SW-3 are approximately 1.33ωm,
1.258ωm, and 0.85ωm, respectively. It is worth noting that SW-1 is very close to SW-2, which
hampers the realization of rainbow trapping, as the target wave may easily slip into the adjacent
dispersion branch.

Similar to topological photonic crystals [45,46], an effective way to enlarge the bandgap is by
modifying the EMF. As shown in Fig. 1(c), the bandgap increases as the EMF decreases, with
ω0 = 0.4ωm. The inset illustrates the detailed wave propagation at f = 1.3fm (indicated by a circle
in Fig. 1(c)). In the one-way waveguide (bottom panel), the wave propagates unidirectionally,
as expected. In contrast, in our designed structure (top panel), the wave is confined at the two
air–YIG interfaces due to strong coupling between the SMPs, which leads to the formation
of a bandgap between SW-1 and SW-2. Fig. 1(d) shows how the EMF affects the dispersion
diagram/curves of SMPs and TIR modes. As a result, all of the peak frequencies (solid lines)—ωs
(=

√︁
ω0(ω0 + ωm), the resonant frequency of YIG) and ωaf—emerge as the EMF increases. The

shaded areas represent the bidirectionally propagating SMPs and TIR modes, which contain the
slow-wave peaks. It is clear that as the EMF increases, the highest SW-1 band gradually decreases,
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while the lowest SW-3 band increases. Specifically, due to the nearly linear relationship between
the two limits of the SW-2 band (the gray shaded area), the bandwidth of the middle SW-2 band
remains almost unchanged. Moreover, the empty region between the black (ωpe2) and green
(ωpe1) lines indicates the bandgap, and it is clear that the bandgap is much larger for smaller EMF
values, which is consistent with the results shown in Figs. 1(b)-1(c). We note that the bandgap
is related to ω0, d1 (d2), and d0, and we will further discuss its relationship with the thickness
parameter later.

As shown in Fig. 1(d), the peak frequencies and travel bands are continuously tunable through
the EMF, implying that waves with different operating frequencies can be trapped at different
locations with carefully designed EMFs, i.e., rainbow trapping. Figure 2(a) shows our proposed
straight heterostructure for bidirectional rainbow trapping, where the EMF is constant in the
middle part, B = B1 (ω0 = ω01), while for the other parts, the values of ω0 are designed to
change linearly from ω0 = ω01 to ω0 = ω02 (near the two ends). To trap the wave within the
SW-1 band, the travel band of the middle part must be larger than that in the end part of the
structure. Based on the results in Fig. 1(d), we choose a smaller EMF for the middle part to
excite a broader band, while a larger EMF is chosen for the end part to prevent some of the
excited waves from propagating through the structure. Specifically, we set ω01 = 0.4ωm and
ω02 = 0.7ωm. The left image of Fig. 2(b) shows the zoomed-in dispersion diagrams around
the SW-1 band for ω0 = 0.4ωm (dotted line) and ω0 = 0.7ωm. In the two side parts of the
designed system, ω0 gradually increases from 0.4ωm to 0.7ωm, with the dispersion curves and
ωpe1 increasing accordingly. Therefore, the waves within the green shaded area (chosen for
simulations) in the left image of Fig. 2(b) cannot propagate through this device. Figure 2(b)
presents the FEM simulation results for four different frequencies. As expected, clear rainbow
trapping is observed, with the wave of higher frequency propagating longer and being trapped
closer to the end. Similarly, we set ω01 = 0.7ωm and ω02 = 0.6ωm to trap waves within the SW-2
band. As shown in Fig. 2(c), a similar bidirectional rainbow trapping is observed, with the wave
of higher frequency being trapped closer to the excitation point. For the SW-3 band, we set
ω01 = 0.5ωm and ω02 = 0.7ωm. Unlike the other two types of trapped rainbow, the electric field
of the trapped wave in the SW-3 band is mostly confined to the YIG layer, while in the other
cases, the wave propagates along the air-YIG interfaces.

Note that our proposed rainbow trapping is robust to manufacturing imperfections. As shown
in the last images of Figs. 2(b)–2(d), two air holes with r = 2 mm were placed on the air-YIG
interface to evaluate the impact of disorders on the rainbow trapping. The FEM simulation
shows that the main difference between the perfect and imperfect cases is that the presence of
disorders (e.g., air holes) in the structure causes the EM waves to reflect earlier. This could be
used for advanced rainbow trapping or energy harvesting, which can be referred to as hierarchical
trapping. We next investigate the robustness of the trapping location against disorder. Figure 3
investigates an extreme case in which air holes are centered in the YIG layer and extend beyond
its thickness, i.e., d0<2r. As shown in Fig. 3(a), the air holes are spaced 140 mm apart. In this
imperfect heterostructure, the EM wave at f = 1.28fm near SW-1 remains trapped, as shown by
simulations in the second panel of Fig. 3(a). The zoomed-in view shows that even under such an
extreme condition, the EM wave can still couple into the guiding modes beyond the air holes.
Moreover, most EM energy is clearly localized between the two air holes. Figure 3(b) shows
the electric-field profile along the YIG center, revealing that the trapping zone, marked by two
vertical lines, remains unchanged compared to the perfect case in Fig. 2(b). We conclude that, in
most cases—particularly with small disorders-the trapping location in straight rainbow trapping
is nearly unaffected by disorder unless it occurs precisely at the trapping site.

To the best of our knowledge, this is the first report of triple-band rainbow trapping, which has
wide applications, including but not limited to highly efficient energy harvesting and storage. The
next question is how to release the trapped rainbow or energy. One simple approach is to tune the
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EMF. For example, set ω0 = ω01 for the entire structure. However, it is somewhat complex to
flexibly and precisely adjust the EMF in practice. Here, we propose a novel method to achieve
bidirectional rainbow trapping in this structure by changing the air or YIG thicknesses. To this
end, we need to analyze the impact of d1, d2, and d0 on the peak frequencies. For simplicity, we
assume that the two air layers have equal thickness, i.e., d1 = d2 = d1,2, throughout this paper,
and compared to the equal condition (d1 = d2), the only key difference in the non-equal condition
(d1 ≠ d2) is that the slow-wave modes may shift left or right.

As demonstrated in Fig. 4(a), four different values of d0 are chosen for the case where
d1,2 = 0.05λm and ω0 = 0.4ωm. Consequently, SW-1 (green line) and SW-3 (blue line) decrease
as d0 increases, leading to a decrease in ωpe1 and ωpe3. In contrast, SW-2 slightly rises during
the same process. Similarly, as shown in Fig. 4(b), for a heterostructure with consistent YIG,
which is more feasible in our opinion, when d1,2 increases from 0.03λm to 0.09λm, interestingly,

Fig. 2. Bidirectional rainbow trapping in straight waveguides. (a) The schematic of
bidirectional rainbow trapping. The left picture denotes the EMF changes in the +x direction.
Trapping of the (b) highest (SW-1), (c) middle (SW-2), and (d) lowest (SW-3) slow waves
in a straight waveguide with linearly changing EMF, as shown in (a). The EMF (ω0)
at the two ends and the middle part are (b) [0.7ωm, 0.4ωm], (c) [0.6ωm, 0.7ωm], and (d)
[0.7ωm, 0.5ωm], respectively. The left panels of (b)-(d) demonstrate the zoomed-in pictures
of the key dispersion curves of SMPs in each case. Two air holes (r = 2 mm) are introduced
at the air-YIG interfaces to investigate the impact of disorder on bidirectional rainbow
trapping, as shown in the final panels of (b–d). L1 = 10 mm, L2 = 175 mm, and ν = 0.001.
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Fig. 3. Effect of structural disorder on triple-band rainbow trapping. (a) Top: Schematic of
the straight MO heterostructure with two air holes (r = 2 mm) centered in the YIG layer.
Bottom: Electric-field distribution near SW-1 at f = 1.28fm in the disordered structure. (b)
Normalized electric-field profiles from FEM simulations for structures with (blue line) and
without (red line) air holes, extracted along the white horizontal line in (a, top). Other
parameters match those in Fig. 2(b).

all three slow-wave peaks decrease. Note that for both cases, the bandgap between SW-1 and
SW-2 narrows as d1,2 or d0 increases (see the rightmost two images in Figs. 4(a) and 4(b)).
Figures 4(c) and 4(d) provide more details for cases with varying d0 and d1,2. Our calculations
show that with the monotonic increase of d0 (see Fig. 4(c)) and d1,2 (see Fig. 4(d)), the three peak
frequencies exhibit monotonic changes. By applying the reverse concept of rainbow trapping
used in Fig. 2, one can easily adjust, for example, the value of d1,2 to make SW-1 and SW-3
decrease or make SW-2 increase, thereby allowing the trapped waves to be released as needed.
Thus, the arrows in Figs. 4(c)-4(d) indicate the directions for releasing the trapped rainbow.
Compared to single- and dual-band slow-wave systems, the key advantages of our structure are
threefold: 1) a simpler configuration, 2) increased number of working bands enabling parallel
computing and communication, and 3) enhanced and more versatile controllability. For instance,
by increasing the air layer thickness, waves trapped near SW-1 can be released while those near
SW-2 remain confined, thereby achieving selective manipulation of trapped electromagnetic
waves across different frequency bands.

To verify the release theory proposed in Fig. 4, we performed several FEM simulations to
demonstrate the release process for the three slow-wave peaks. We emphasize that in this paper,
only the case of consistent d0 was considered for releasing the trapped rainbow, as it is much
easier in practice to adjust the air thicknesses rather than the YIG thickness. Figure 5(a) shows
the schematic of rainbow trapping (left) and releasing (right) configurations. We aim to adjust
d1,2 by simply moving the metal layers and further control the trapping or releasing of EM waves.
Figures 5(b)–5(d) demonstrate the FEM simulations for d0 = 0.05λm, with the values of d1,2
highlighted on the right of each image. As shown in Fig. 5(b), to release the trapped EM wave
with f = 1.20fm, we gradually increased d1,2 according to the release direction marked in Fig. 4(d).
As a result, as d1,2 increases, the trapping area expands, and when d1,2 = 0.08λm, as shown in
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Fig. 4. Bidirectional rainbow trapping and releasing theory in straight configurations.
Dispersion curves of SMPs around three slow-wave peaks when the waveguide has (a)
constant and equal thickness of air layers (d1 = d2 = d1,2, with d1,2 = 0.05λm) and
different d0 (YIG thickness), and (b) constant d0 (= 0.05λm) and different air thicknesses
(d1 = d2 = d1,2). The peak frequencies (ωpe) plotted as a function of (c) d0 with fixed
d1,2 = 0.05λm, and (d) d1,2 with fixed d0 = 0.05λm. The arrows indicate the direction in
which one can manipulate to release the trapped waves, as shown in Fig. 2.

the last image of Fig. 5(b), the EM wave is finally released. To release the trapped EM waves
in SW-2 and SW-3, we gradually decreased (as shown in Fig. 5(c)) and increased (as shown in
Fig. 5(d)) d1,2, respectively. As a result, the wave with f = 1.25fm within SW-2 is released when
d1,2 ≈ 0.03λm, and the wave with f = 0.75fm within SW-3 is released when d1,2 ≈ 0.09λm. Thus,
bidirectional rainbow trapping and releasing are achieved by adjusting the thickness parameters
in the proposed heterostructure with gradual EMF.
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Fig. 5. Changing the air thicknesses to achieve bidirectional rainbow releasing in straight
configurations. (a) Schematic of releasing the trapped rainbow by changing the air thicknesses.
(b)-(d) Simulation verification of the release theory shown in (a) for (b) SW-1, (c) SW-2, and
(d) SW-3, respectively. The EMF distributions in (b)-(d) are the same as in Fig. 2(b)–2(d).
d0 = 0.05λm, while the values of d1,2 in the simulations are shown to the right of each
picture. ν = 0.001.

3. Tapered heterostructures for bidirectional RTR and dielectric sensing

Although RTR has been achieved in the aforementioned heterostructure with a varying EMF, it is
also crucial to investigate RTR under a constant EMF. Figure 6(a) depicts one of our designed
RTR structures, and as d0 gradually increases (d11<d10) or decreases (d11>d10), slow-wave
peaks should descend or rise accordingly. Figure 6(b) demonstrates the relation between the
peak frequencies and d0, as the total thickness (d0 + 2d1) of the structure is consistently 0.16λm.
Note that the EMF is consistent and that ω0 = 0.4ωm in the structure. When d0 increases from
0.03λm to 0.09λm, SW-2 increases monotonically, SW-3 decreases monotonically, and SW-1
first decreases and then increases. We take SW-2 as an example to explain how EM trapping
occurs. As discussed above, the EM wave within the region limited by ωaf and ωpe2 can always
travel bidirectionally (as seen in the red shaded area in Fig. 6(b)). In contrast, any wave within
the bandgap (the gray shaded area) cannot propagate at all. Thus, the EM wave with f = fm
can be excited bidirectionally at the location with d0 = 0.08λm (marked by the red circle in
Fig. 6(b)) in the tapered structure, and as d0 decreases to 0.05λm (marked by the blue circle),
it must be trapped somewhere between the two marked locations. More importantly, waves
with different frequencies must be trapped at different locations in this tapered structure. Thus,
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rainbow trapping can be achieved in a tapered structure with d0 decreasing linearly from 0.08λm
to 0.05λm, as depicted by the left arrow. The corresponding trapping band in such a tapered
heterostructure is 0.9537ωm<ω<1.056ωm. As shown in Fig. 6(c), the electric-field distribution
in the simulations clearly shows standard rainbow trapping for four EM waves. To release the
trapped waves, an obvious way is to enlarge d0 for the whole structure, which can be achieved
by inserting YIG wedges to make d0 = 0.08λm (d1,2 = 0.04λm). A simpler way to release the
trapped waves is to decrease d1,2 as shown in Fig. 5. According to our calculation, the trapped EM
wave with f = fm can be released when the air thickness decreases by 0.025λm, i.e., d10 decreases
from 0.04λm to 0.015λm. For the remaining two slow-wave peaks, one can design similar tapered
heterostructures according to the d0–ωpe relation, as shown in Fig. 6(b), to achieve bidirectional
RTR. Notably, experimental realization of RTR in the straight system is technically challenging
due to the requirement of a linearly varying EMF, whereas the tapered RTR structure, as shown
in Fig. 6, is easier to implement. The electromagnets can be tuned to provide a suitable constant
EMF [47], and the primary challenge lies in fabricating high-quality YIG with a low loss factor,
e.g., ν = 0.001 or less.

Fig. 6. Rainbow trapping and releasing in a tapered waveguide under a constant EMF. (a)
Schematic of a tapered waveguide for rainbow trapping. (b) ωpe as a function of d0 in the
tapered waveguide, where d0 + 2d1 = 0.16λm (d1 = d2) and ω0 = 0.4ωm. (c) Electric-
field distribution in simulations of the constant EMF-based rainbow trapping waveguide.
d0 = 0.08λm (at the center) and d0 = 0.05λm (at the ends).

It is well known that the resonant or cut-off frequency of a dielectric-based waveguide is
strongly influenced by its EM parameters, particularly the permittivity. Similarly, the triple-band
slow-wave peaks in the MO heterostructure are expected to be sensitive to the dielectric properties.
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Therefore, beyond enabling RTR, the MO heterostructure incorporating dielectrics also holds
potential for other optical applications, such as dielectric detection or sensing. Figure 7(a) shows
the schematic of our designed dielectric sensor, consisting of a uniform YIG layer, two tapered
layers—air (right) and dielectric (left)—and PEC walls. We note that the right-side dielectric
is set as air for comparison, but it can be replaced with other dielectrics as needed in practice.
As demonstrated in Fig. 4(d), as d1,2 (dielectric thickness) decreases, SW-1 shifts upward, and
some guiding SMPs in the thicker configuration become trapped. As shown in Fig. 7(b), as d1,2
decreases, the travel bands (regions above the solid lines) shrink in all cases. However, for a wave
with f = 1.3fm, the capture positions—defined by the intersection of the dashed line and the solid
lines—differ depending on the dielectric permittivity εr. More specifically, as d1,2 decreases, the
horizontal dashed line intersects the solid curves for smaller εr values earlier, indicating that the
f = 1.3fm wave will be trapped closer to the center in the tapered structure when the permittivity
is lower.

Fig. 7. Tapered heterostructure for dielectric sensing. (a) Schematic of a dielectric sensor
based on triple-band slow-wave SMPs. (b) For dielectrics with varying permittivities, the
peak frequencies (ωpe1) of SW-1 in the tapered waveguide shown in (a) are plotted as a
function of d1 with d0 = 0.05λm. (c) Electric-field distributions in simulations with different
left-side dielectrics. (d) Normalized electric fields in the left region of the waveguide from
the simulations in (c). (e) Predicted normalized trapping position x as a function of the
dielectric permittivity. The inset shows simulation results for a dielectric with εr = 7. Blue
circles indicate the trapping positions based on our FEM simulations.

To verify our analysis, we conducted FEM simulations using different dielectric materials. As
shown in Fig. 7(c), four different relative permittivities (εr) were chosen for the left dielectric,
while the right dielectric was set as air (εr = 1). As a result, the wave (f = 1.3fm) is trapped
in all cases, consistent with our analysis. The capture positions differ across materials, and
the smallest trapping region occurs when εr = 1. Figure 7(d) provides further details about
the trapped waves in the left section. As indicated by the arrow, the capture position gradually
shifts toward the left end of the waveguide. Based on this observation, the permittivity
of the left and right dielectrics can be compared by identifying their respective trapping
distances within the structure. Furthermore, by plotting the relationship between dielectric
permittivity and capture position—either experimentally or through simulations—the permittivity
of unknown materials can be inferred. As shown in Fig. 7(e), the blue circles represent capture
positions corresponding to different εr values obtained from FEM simulations of the proposed
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heterostructure. The red line represents a polynomial fit to the simulation data, given by
x = −2.28253 × 10−5ε3

r + 0.0015403ε2
r − 0.037872εr + 0.33283.

To validate the fitting curve, we simulated the case εr = 7 (see inset of Fig. 7(e)). The resulting
capture position was x ≈ 0.1359 L, compared to 0.1354 L from the fitted curve. The relative
error is approximately 0.37%, confirming the high sensitivity of our proposed dielectric sensor.
We emphasize that similar dielectric sensors based on SW-2 and/or SW-3 can be designed
using the same method demonstrated in Fig. 7. It is also worth emphasizing that in practical
implementations, the fitting function should be adapted/modified according to the specific
characteristics of the target device. In theory, disorder or imperfection may distort the fitting
curve and thus affect the sensitivity or precision of the proposed dielectric sensor. However,
as discussed in Fig. 3, the trapping location remains nearly unchanged even under significant
disorder, provided it does not occur exactly at the trapping site. Therefore, the effect of disorder
can be safely neglected in most practical scenarios.

4. Conclusion

In conclusion, we have proposed a specialized MO heterostructure composed of metal, dielectric
(e.g., air), and magnetized YIG to engineer unique dispersion relations featuring triple-band
slow-wave peaks, labeled SW-1, SW-2, and SW-3. Moreover, triple-band RTRs in both straight
and tapered heterostructures have been achieved by using linearly varying and constant EMFs,
respectively. In the straight heterostructure, the slow-wave peak frequencies shift under the
influence of the EMF. By carefully designing the EMFs at the center and boundaries of the
structure, rainbow trapping is achieved across three distinct slow-wave bands. To release the
trapped EM waves, we have proposed a simple and practical approach: tuning the air-layer
thickness, or equivalently, moving the metal layer. FEM simulations under lossy conditions
clearly demonstrate bidirectional RTR in the straight heterostructure. For practical applications,
using a constant EMF is more suitable. Accordingly, a tapered heterostructure was designed to
realize bidirectional RTR. Taking SW-2 as an example, we have further designed a customized
heterostructure featuring a thick central YIG region and tapered YIG sides. Bidirectional RTR
was confirmed through theoretical analysis and numerical simulations. Building on this, we
have proposed a high-performance sensor for detecting dielectric permittivity. By identifying
the capture position of the trapped EM waves, the relative permittivity of the dielectric can be
determined with high precision. Our analysis indicates that the relative detection error can be
as low as 0.37%. Notably, in simulations, this relative error is directly influenced by the grid
resolution; therefore, it can be further reduced with higher simulation precision. In practical
applications, the device sensitivity may depend on the precision of auxiliary detection equipment.
The proposed bidirectional RTR heterostructures, together with the dielectric sensor, hold
significant promise for applications in areas such as energy storage, information buffering, and
biosensing. Based on the theoretical framework developed in this work, multi-band slow-wave
propagation and RTR can also be realized using other MO materials in different frequency
regimes.
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